
hr. J: Heat Mass Tr,m&?r. Vol. 32, No. 7, pp. 123~1246,198Q 
Printed in Great lhitaio 

0017-9310/89 $3.00+0.00 
Maxwell Pqamon Macmillan plc 

Natural convection near a rectangular corner 
formed by two vertical flat plates with uniform 

surface heat flux 
MAN HOE KIM 

Department of Mechanical Engineering, Korea Advanced Institute of Science and Technology, 
P.O. Box 150, Cheongryang, Seoul, Korea 

and 

MOON-~HN KIM 
Department of Applied Mathematics, Korea Advanced Institute of Science. and Technology, 

P.O. Box 150, Cheongryang, Seoul, Korea 

(Received 7 November 1988) 

Abstract-The laminar natural convection flow along a rectangular comer formed by the intersection of 
two vertical quarter-infinite Sat plates with uniform surface heat flux is considered. For large Grashof 
numbers, the leading-order comer-layer equations whkh govern the behaviour of laminar natural con- 
vection flow near the comer are derived and the appropriate boundary conditions are determined by using 
the method of matched asymptotic expansions. Soiutions of the equations are numerically obtained for 
Prandtl numbers of 0.733 and 6.7. The general flow patterns and temperature distributions are similar to 

those with uniform wall temperature conditions except temperature profiles near the corner. 

1. INTRODUCTION 

A CONSIDFRABLE amount of work has been devoted 
to the study of various aspects of natural convection 

boundary layers around a single heated plate, e.g. 
higher-order boundary layer effects around a vertical 
plate with uniform surface t~~~t~ [l, 2] or uni- 
form heat flux [3], horizontal- and inclined-plate situ- 
ations [4-6], and transient behaviour [7& On the other 
hand, the natural convection near a comer formed by 
two planes has received little attention, in spite of its 
importance from theoretical and practical points of 
view. 

Two-dimensional natural convection in a corner 
delimited by a vertical heated semi-infinite plate and 
a second plate forming an arbitrary angle has been 
considered by Luichini [8]. Liu and Guerra [9] studied 
theoretically the natural convection along a concave 
vertical comer submerged in a saturated porous 
medium. Reference [lo] analysed the three-dimen- 
sional natural convection along a vertical rectangular 
comer formed by two quarter-infinite isothermal 
planes, and obtained velocity and temperature dis- 
tributions for large Grashof numbers. 

All of the above studies on the natural convection 
near I rntn~t s),.P fnr thm F.XPPE that +~.v,e.ra-~+~.m s-i& -WT... se vvI-“* z.=w 1”. ss.a.2 w.7 bsxs.+I uIIYy..AQ&uI~ u&o- 

tributions are specified on the surfaces. In practical 
applications as well as in many natural circumstances, 
however, the uniform heat flux condition on the sur- 
faces is frequently met with. In this paper, we analyse 
the high Grashof number natural convection flow 
along a vertical rectangular comer formed by two 

quarter-in&&e planes on which the uniform heat flux 
condition is imposed. Matched asymptotic expansions 
are used to derive the leading order corner-layer equa- 
tions and the appropriate boundary conditions, in a 
similar way to that of refs. [lo, 11 J. Numerical sol- 
utions are obtained for both air (Pr = 0.733) and water 
(Pr = 6.7). 

2. ANALYSIS 

We consider the laminar natural convection flow 
along a corner formed by the intersection of two 
vertical quaker-i~ite perpendicular flat plates dis- 
sipating heat uniformly. The present problem is for- 
mulated in a Cartesian coordinate system (x, y. z) 
with the origin at the starting point of the intersection. 
The x-axis coincides with the vertically upward inter- 
section. Both y- and z-axes lie along the leading edges 
of q~er-~~ planes, respectively pig. l(a)). Due 
to the geometrical singularity at the corner, the flow 
field and temperature distributions are inherently 
three-dimensional. The various regions delineated in 
Fig. l(b) are designated as a potential flow (Region 
I), two boundary layers on plates y = 0 and z = 0 
(Regions EI and III), and a corner Iayer (Region IV), 
where the gradients in both the y- and z-directions are 
large compared to that in the x-direction. 

2.1. Corner-layer equations 
EmpIoying the Boussinesq approximation and 

neglecting viscous dissipation, the governing equa- 
tions are 
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NOMENCLATURE 

a grid spacing parameter, 0.2 Greek symbols 
Gr* modified Grashof number, gPqwx4/kv2 a thermal diffusivity 
H mesh size, 0.02 B thermal expansion coefficient 
k thermal conductivity of fluid Y lim,-,[~S~(rl)-4fo(?ll 
L arbitrary characteristic length e dimensionless temperature 

N,S transformed independent variables p dynamic viscosity 
NU local Nusselt number 

P* pressure in x, y, z coordinate system ;,s,i 

kinematic viscosity, p/p 
scaled independent variables 

P pressure in 5, q, [ coordinate system P density of fluid 
Pr Prandtl number, v/a 7, wall shear stress 

4vJ surface heat flux 7wa. wall shear stress as < -+ 00 
T temperature Acp velocity potentials defined in equations 

TW wall temperature (19) 
TO3 ambient temperature @ velocity potential in potential 
u*, v*, w* velocity components in x, y, z region 

directions x-component of vorticity 

u, 0, w velocity components in 5, q, l directions : modified vorticity function defined in 

u, convective velocity, (v/x)(Gr*/5)2’5 equations (19). 
x, y, z Cartesian coordinate system. 

c!T+E+?$, (14 
D a a a 

ay 
Dt=u*~+v’,,,+w*, 

DU* a2 a2 a2 
-= -;g+vV”u*+gfl(T-T,) (lb) V*2~_+-+- 
Dt a2 ay2 az2’ 

Dv* Let us introduce the scaled dimensionless corner-layer 
-= 
Dt 

__A ap* +vv*2v* 
P ay 

(lc) variables as follows : 

Dw* i ap* _=__- 
Dt 

p 2z +vv*zw* (Id? 

DT 
- = aVe2T 
Dt 

where 

lb) 

FIG. 1. Definition sketch : Region I, potential flow ; Regions II and III, boundary layers ; Region IV, comer 
layer. 
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(2) 

where rl and c are the stretched similarity comer- 
layer variables ; Gr* and CJ, denote, respectively, the 
modified Grashof number and the convective velocity 

Gr* = g/Iqwx4/kv2 

In what follows, we assume that the modified Grashof 
number is sufliciently large such that (Gr*/5)- ‘/5 can 
be taken as a small perturbation parameter. 

Substitution of equations (2) into equations (1) 
.yields, to the leading order, the comer-layer 
equations, after eliminating the pressure terms in 
equations (lc) and (Id) 

-f(fju,+iU~-3U)+z++kv~ = 0 (3a) 

- ~(rl~~+iu(-3u)+vu,+wu( = V=u+50 (3b) 

- ; @lo, + rw, +2w) + vo, + woe 

- 2 (VW, +cw< + w) = v=w (3c) 

o= wg-vr (3d) 

-~ge,+ye~-s)+ve,+we, =Av=e (3e) 

where 

V2 _dz+d’ 
aq2 ap 

The set of non-linear equations (3) is to be solved 
throughout the region 0 Q q, c < 00 with the bound- 
ary conditions which will be described in the sub- 
sequent subsection. 

2.2. Boundary conditions 
Note the following symmetry properties which are 

useful in describing the boundary conditions as well 
as the flow field : 

4% 0 = a 4, v(rl, 0 = w(l, v), 

wh 0 = w 4 

4L 0 = -4L 4. (4) 

2.2.1. Wall boundary conditions. The conditions to 
be satisfied on the wall boundaries are the no-slip and 
uniform heat flux conditions 

u=i)= w=O, o=w~, e,=-i atq=O 

u=v=w=~, 0=-f+, e,=-i atC=0. (5) 

2.2.2. Far-field bounahry conditions os C + to, tj/t; + 0. 
The conditions at the far-field boundary for the 
comer layer (C + a)) are given by the asymptotic 
matching with the solutions of the boundary layer 
(Region II) as z + 0. Since the zeroth-order potential 
flow (u = v = w = 0, 0 = 0) does not satisfy the tmi- 
form heat flux condition 0, = - 1 on the wall, the 
first-order boundary layer is introduced. 

We assume the following series expansions for the 
boundary layer (Region II), in which X- and z-co- 
ordinates are unchanged, but the y-coordinate is 
stretched : 

where G* and DC denote, respectively, the modified 
Grashof number and the convective velocity based on 
an arbitrary length L which should not appear in the 
final result 

a* = gflq,,.L4/kv2 

v G* 215 

Uc’E -$- 
- 0 

Substituting series (6) into equations (l), the first- 
order boundary layer equations are obtained as 

f&=61 =0, -= -1 atF=Oand&+O, aP 

8, -*o as 9+ 00. 

Equations (7) have the solutions 

(7) 



where&(q) and b,(q) are the solutions for two-dimen- 
sional natural convection on the vertical flat plate with 
uniform heat flux 

,~~+4~-3(.~~)*~~~ = 0 

tg +Pr(q& -j&) = 0 

&JO) =fb(O) = to(K)) =f6(m) = 0, tb(O) = - 1. 

Solutions (8) imply that the corner-layer variables 
ti9 tr and B become ~mptoti~~ly the ~~ponding 
two-dimensional values as < -* co. The ad~~o~al 
matching condition for the crossflow w is posed by 
considering the second-order boundary layer approxi- 
mations in Region II. Observation of solutions (8) 
shows that the inflow velocity to the boundary layer 
which is absent in the zero&order potential flow 

appear 

Y = & kf ‘o (rl) - v*m- (9) 

This inflow velocity forces the introduction of tbe 
next-order potentia1 flow. Since the flow field outside 
the boundary layers must remain irrotational, we 
define the velocity potential 

(U’, o*, w*> = (@,, 3, rD*) 

With the matching condition on y = 0 

&M 6s = _j$ v, 
‘I-” 

as well as the corresponding one on the opposite sur- 
face z = 0, we obtain the following boundary value 
problem for the first-order potential flow : 
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a$ = at2 = O+,x,y > 0 

0, atz=O”,x~O,y>O 

(10) 

which can be solved directly with the use of a suitable 
Green’s function. We find, after some calculations, 
that 

x 

8, x 
t 

4 cos- -cotgsin, 
5 

(11) 

where 

?j=yfq f=zix 

8i = tan-if, o2 = tan-“C 

The following asymptotic behaviours for the above 
solutions as d and Q- 0 are noted for the subsequent 
analysis : 
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x 
xc 6 

1-cotJ5-$+-. (12c) 

The crossflow velocity IV,, which appears as a result 
of the mutual interaction of the boundary layers, leads 
to a second-order boundary layer flow. 

Substituting boundary layer variables (6) into equa- 
tions (1) and retaining the second-order terms, we 
have the following second-order boundary layer equa- 
tions : 

Wb) 

m -= 0 
al” 

(13c) 

(134 

ah aoo a& aoo i a2fJ, 
&--z +Gl: +~l--=_+f72--;- = --=-. ax ax ay ay Pray2 

(13e) 

The @i distribution is determined directly from equa- 
tion (13d) using the asymptotic result (12~). The 
appropriate boundary conditions for B , are 

G, =0 atF=O, 

G, --) W,(x,O,z) as Y+ co. 

It is assumed that 

With Go and 6, given by equations (8), the equation 
governing H;(q) becomes 

H;;‘(V) +4~0(1)H’xV) +_Mrl)Hb(tt) = 0 

Fe(O) = 0, H’,(co) = 1. (14) 

The solutions for ii,, fi2 and g, can be obtained in a 
similar manner. If we write 

5 
c, = - _yx- “‘j-; ($ 

2 

fi, = _ l!x-:qf;(qj 

8, = -p?,(q) (15) 

then we easily find that fi(q) and tl(q) satisfy the 
following equations : 

f;“+4fof-22f”f-;+t, =o 

;t;+4fot;+3f;t,-tof’, =o 

fi (0) = f; (0) = t, (co) = t; (0) = 0 

4 
f;(W) = -ycotT 

5 5’ (16) 

Equations (16) are the same as those governing the 
second-order boundary layer flows for a two-dimen- 
sional vertical flat plate [3]. 

The far-field boundary conditions for the flow in 
the comer layer are described finally as follows : 

2.4 - %h). u - Ifb(rt)-4f,(tl)? w N r%(a) 

0 N @x11), 0 N to(q). (17) 

Considering symmetry properties (4), we have the 
asymptotic conditions as tl+ co, r/q + 0 

a N 5fb(0, a N ~xJ(4x !-v N UX) -4f6(0 

0 N -Y&(0, (3 N to(l). (18) 

The comer-layer equations (3) with boundary con- 
ditions (5), (17) and (18) can be rewritten in a more 
convenient form by introducing ‘the velocity poten- 
tials’ 4 and rp, and ‘the modified vorticity’ a, defined 
as follows : 

&q-u, p+ 

f-2 = rpIl-4<. 

The resulting corner-layer equations are 

v%4+&+cpU(- $+50 = 0 

(19) 

V2Q+&I,+@,+u P+&-iu,) 
[ 1 

+ge,-qe, = 0 

v2q%+f+4s = 0 

V%p-R,-y = 0 

$v%+4s,+rpe,- Te = 0 (20) 

and the boundary conditions are written as 

24=4=cp=O, sZ=rp,, 8,=-l atq=O; 

u=4=rp=O, n= -&, er= -1 at[=O; 

u N 5Mrl)F fl - IfXG9 -_yKxrl), 4 - 4&(q) 

~ _ ifb(@ _)j;;b(qj, 
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-2 

r; in the physical plane with the grids being more heavily 
concentrated near the corner. 

The corner-layer equations and the boundary con- 
ditions rewritten in terms of the new defined variables 
are solved numerically by the alternate direction 
implicit scheme used in ref. [lo]. The mesh size H and 
the grid-spacing parameter a that were used earlier 
[lo] are also found adequate in the present analysis 

H = 0.02, z = 0.2. 

The solution is considered to have converged when 
the variation in successive iterations becomes less than 
10e4 as done in ref. [lo]. 

(b) 

4. RESULTS AND DISCUSSION 

The numerical results for Pr = 0.733 and 6.7 are 
presented in Figs. 2-5. Figure 2 shows streamwise 
isovels. The distributions of streamwise velocity u are 

FIG. 2. Streamwise isovels : (a) Pr = 0.733 ; (b) Pr = 6.7. 

3. METHOD OF SOLUTION 

Comer-layer eouations (20) and boundary con- -1----m---- 
ditions (21) are similar to those of ref. [lo], and the 
procedure for numerical solutions is closely paral- 
leled : we introduce new variables 4, n and @ instead 
ofq5,CJandcp 

and then transform the unbounded region 
[ < 00 into a finite computational domain 
S<lby 

N=a? ai 
l+aq’ 

SE----- 
l+a[ 

(23) 

where a is a grid-spacing parameter. A uniform grid 
in the computational plane gives a non-uniform grid 

(b) - 5 

FIG. 3. Magnitudes and directions of crossflow: (a) 
Pr = 0.733 ; (b) Pr = 6.7. 
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similar to those for the isothermal surfaces: closed 
contours of u due to the mutual interaction of the 
boundary layers appear in the vicinity of the symmetry 
plane near the comer. The thickness of the velocity 
boundary layer has its maximum value at the sym- 
metry plane and decreases monotonically to its 
asymptotic two-dimensional value as c + cc. 

Isolines of r = (u2+ w*)‘/*, the magnitude of the 
crossflow, and the directions 0 = tan-’ (U/W) are 
depicted in Fig. 3. The crossflow converges almost 
radially towards the comer. This converging flow 
increases the amount of flow entrainment near the 
comer and, therefore, the streamwise velocity exhibits 
the distributions discussed above. As seen in Figs. 2 
and 3, the magnitude of velocity decreases and the 
thickness of velocity boundary layer increases with 
Prandtl number. 

The dimensionless temperature distributions are 
shown in Fig. 4. It is observed that the temperature 
profiles are similar to those for the isothermal comer 

1:s 3:o is do 7:s 

0.2 
0.5 

a84 
I I I I 

1.5 3.0 4.5 6.0 
5 

FIG. 4. Isotherms : (a) Pr = 0.733 ; (b) Pr = 6.7. 

7.5 

except in the interior region near the comer. Figure 
5 illustrates the local Nusselt number Nu, which is 
inversely proportional to the surface temperature 

WV I;) 

(24) 

The surface temperature (the local Nusselt number) 
has a maximum (minimum) value at the comer and 
decreases (increases) monotonically to an asymptotic 
value corresponding to the two-dimensional problem. 
The results are consistent with those of ref. [lo]. The 
isothermal results [lo] reveal that the local heat trans- 
fer rate changes appreciably near the comer and 
becomes essentially constant at a distance (larger for 
smaller Prandtl number) from the vertex. Thus, the 
temperature profiles for isoflux walls differ from those 
for isothermal walls only in a close neighbourhood of 
the comer, and become similar as the distance from 
the comer increases. The region which shows different 
temperature profiles is wider for smaller Prandtl 
number. 

Figure 5 also illustrates the distributions of wall 
shear stress which is given by, neglecting the effects of 
the crossflow 

where 

(25) 

\ Pr=O.733 

6.7 

5.7 

o.t33 

I I 1 I 

1.5 3.0 u.5 
I 

6.0 7.5 
5 

FIG. 5. J_ocal Nusselt numbers and wall shear stresses : 0 8, 
iVu(0, 0(Gr*/5)-“5; -, ~(0, CW”(O)lz,,). 
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The general trend for local shear stress distributions 
is similar to that for the isothermal case : z, is zero at 
the corner and attains its maximum at a certain dis- 
tance from the vertex and then tends to its asymptotic 
two-dimensional value. As compared with the iso- 

thermal walls, the magnitude of overshoot is larger 
for the isoflux case. This can be expected physically 
since the variation of temperature distributions near 
the comer is greater for isoflux walls and the buoyancy 
force becomes more pronounced. 

8. 
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CONVECTION NATURELLE PRES DUN DIEDRE DROIT FORME PAR DEUX PLANS 
VERTICAUX AVEC DENSITE DE FLUX THERMIQUE UNIFORME 

R&urn&On considere la convection naturelle laminaire le long dun angle rectangle forme par l’in- 
tersection de deux plans verticaux infinis avec densite de flux thermique uniforme sur les surfaces. Pour 
des grands nombres de Grashof, les equations de couche limite au bord d’attaque qui gouvernent le 
comportement de la convection naturelle laminaire pres du coin sont Btablies et les conditions aux limites 
approprites sont determinQs en utilisant la methode des dtveloppements asymptotiques. Les solutions des 
equations sont obtenues numtriquement pour des nombres de Prandtl de 0,733 et 6,7. Les configurations 
genbrales de l’ecoulement et des distributions de temperature sont semblables a celles relatives a des 

conditions de temperature uniforme a l’exception des profils de temperature pres du coin. 

NATURLICHE KONVEKTION IN DER NFiHE EINER ECKE, DIE VON ZWEI 
RECHTWINKLIG ANGEORDNETEN UND MIT KONSTANTER 

WARMESTROMDICHTE BEHEIZTEN SENKRECHTEN PLA’ITEN GEBILDET WIRD 

Zusammenfawsung-Es wird die laminare natiirliche Konvektionsstriimung entlang einer Ecke. die durch 
den rechtwinkligen Schnitt zweier viertelunendlicher senkrechter Platten gebildet wird, betrachtet. Die 
bestimmenden Gleichungen fiir die Grenzschicht in der Ecke, die das Verhalten der laminaren Striimung 
durch natiirliche Konvektion beschreihen, werden fur gro& Werte der Grashof-Zahl hergeleitet. Die 
geeigneten Randbedingungen werden mit der Methode der angepaDten asymptotischen Naherung 
gewonnen. Die Gleichungen werden numerisch fiir die Prandtl-Zahlen 0,733 und 6,7 gelijst. Die 
Striimungsbilder und Temperaturverteilungen gleichen im wesentlichen denen, die man im Falle kon- 

stanter Wandtemperaturen erhilt, mit Ausnahme der Temperaturverteilung in der Ecke. 

ECTECTBEHHAIl KOHBEKHMII BEJIH3H IIPlIMOFO YFJIA, OBPASOBAHHOTO ABYMIt 
BEPTHKAJIbHbIMM IIJIOCKHMH IIJIACTHHAMH C PABHOMEPHbIM TEIIJIOBbIM 

TEl-IJIOBbIM IIOTOKOM HA IIOBEPXHOCTH 

~TBUlUVkiCCJleAy~TCH JIahfHHBpHOe eCTeCTBeHHOKOHBeKTIlBROe TWeHHe y IIPKMOI-0 yTJIB, 06pa30- 
BBHIiOTO lIe~'leHEeM J4ByX BepTliKeJIbHbIX IIOJlyO~pMliYeHHbIX ILWCKEX IIJILlCTkiH C PBBHOMepHIdM 

TeILJlOBbIM nOTOKOMHB~OBePXH~B.~n 6mmxnxwicen ~pBC~O~aCTO'tHOCTbH) A0 ~JlaBHbIX’IJleHOB 
noaysem ypantremin, onncbn3ah3nnie Tenernie n6w3a yrnosoti 3o~b1, 0npe~eJrnOnxife xaparcrep nah4n- 
naprioro ecrecrnennoxorinercrnnnoro renemin, a razxce OnpeAaeHbI coomemn3yro~e rpanmmbre 
ycnosa~ M~TOAOM cpauuieaek4bm ~C~OTH~~CKBX pasnorremii%TIonygenbr ~ncnemio pemerim33rnx 
ypaerienti n.nn 9Hcen Hpanrrmn, nsMemnoInHxCa OT 0,733 AO 6,7.06maa crpyxrypa TeSemin N pacnpe- 
,rrenemre rehmeparypbr nono6nbr no~emmrhi ana pa~ao~epaoii TerdnepaTypbI c-firtou, 38 ucxmo~e- 

mehf TeMlIepaTypriLn npo&ne& ~6~18x3~ yrna. 


